. We give an intrinsic definition of toric symplectic stacks, and show that they are classified by simple convex polytopes equipped with some additional combinatorial data. This generalizes Delzant's classification of toric symplectic manifolds. As an application, we show that any toric symplectic stack can be deformed to an ineffective toric orbifold.
R n ⋊ Gl(n, Z) on t * ).
In the proof of his theorem, Delzant showed how to reconstruct a toric symplectic manifold from its moment polytope. If one follows this construction, beginning with a polytope which is simple and rational, but not smooth, then one recovers not a manifold, but an orbifold. Toric symplectic orbifolds were defined and studied in [ ]. The authors proved a generalization of Delzant's theorem: toric symplectic orbifolds are classified by simple rational polytopes, with facets labeled by positive integers.
A natural question is what happens when one begins Delzant's construction with a polytope which is simple, but neither rational nor smooth. In this case, one recovers not an orbifold but an étale differentiable stack, equipped with an action of a stacky torus (see Section ). The two goals of the present paper are to give an intrinsic definition of what is a toric symplectic stack, and to prove Thereom . , which is a generalization of Delzant's theorem to this context. Theorem . states that toric symplectic stacks are classified by simple polytopes, decorated with some additional combinatorial data.
Toric symplectic manifolds are beloved examples in the study of Hamiltonian group actions, partly because much of the symplectic geometry of a toric symplectic manifold M can be translated into the combinatorics of its moment polytope. For instance, the T-equivariant cohomology of M and the Liouville volume of (M, ω) can be read from the polytope µ(M). One possible application of the present work is a description of the geometry of toric symplectic stacks in terms of their moment polytopes.
This connection between non-rational polytopes and symplectic geometry has been investigated before, for instance in [ , , ] . Our approach differs from these in several important respects. First, we give an intrinsic (atlas-independent) definition of toric symplectic stacks. In [ ] for instance, the authors assume the existence of a presymplectic atlas with certain restrictions on the null foliation of the presymplectic form. Because we begin with an intrinsic definition of toric symplectic stacks, our approach to proving our classification Theorem . is fundamentally different from the proof of the related Theorem . in [ ]. Similarly, our Theorem . says that the image of a toric symplectic stack under the moment map is a simple convex polytope. Convexity is addressed by [ ] and [ ]; however, these approaches require that the stack in question has an atlas of a particular form. Our proof of Theorem . works with the intrinsic definition of a toric symplectic stack in full generality.
Second, our approach differs from others in that we allow for ineffective stacks, which are stacks with a non-trivial global isotropy group. In particular, the notion of a quasilattice was first introduced in [ ], but there it was assumed that the structure map ∂ : Q → R n is injective (in the notation of Sections and ). Finally, we extend Delzant's construction to allow for one-parameter families of polytopes and toric symplectic stacks. As a consequence, we find that any toric symplectic stack can be deformed to an ineffective toric symplectic orbifold. An example of a one-parameter family of toric quasifolds (stacks) was given by Battaglia, Prato, and Zaffran in [ ].
The theory of toric algebraic stacks has been developed by several sources, and in the most generality by Geraschenko and Satriano in [ ] and [ ]. It is illuminating to compare their toric algebraic stacks (over C) to our toric symplectic stacks. Toric algebraic stacks have an action of an algebraic group stack, while toric symplectic stacks have an action of a Lie group stack which is often the quotient of a compact torus by a dense immersed subgroup. In particular, by Definition . of [ ], any toric algebraic stack has an open dense substack which is equivalent (as an algebraic stack) to an algebraic group stack. On the other hand, toric symplectic stacks have an open dense substack which is equivalent (as a differentiable stack) to the stacky quotient of (C × ) n by a subgroup which can be dense, immersed, and non-algebraic. There are then many examples of toric symplectic stacks which do not arise in the algebraic context. The paper is organized as follows. In Section , we recall some background on Hamiltonian actions on symplectic stacks, which was developed in detail in [ ]. In Section we define stacky tori and toric symplectic stacks. In Section we show that toric symplectic stacks are locally presented by certain action groupoids. In Section we define the stacky moment polytope of a toric symplectic stack. In Section we state the main theorem of this article, which is then proved in Sections through . In particular, Sections and deal with the uniqueness part of Theorem . , while Section concerns the existence part, as well as deformations of polytopes. To a differentiable stack X ≃ BX • we associate a topological space X coar s e , the coarse quotient. The coarse quotient is homeomorphic to X 0 /X 1 , which is the topological space formed by identifying points of X 0 which lie in the same X 1 -orbit. Similarly, to a morphism of differentiable stacks φ : X → Y we associate the morphism φ coar s e : X coar s e → Y coar s e of coarse quotient spaces. The passage from differentiable stacks to their coarse quotients is functorial.
Foliation groupoids.
A Lie groupoid X • is étale if the source map s is a local diffeomorphism. More generally, X • is called a foliation groupoid if it is Morita equivalent to an étale Lie groupoid, or equivalently if it has discrete isotropy groups. The name is due to the fact that the connected components of X 1 orbits form a foliation of X 0 . If F is the foliation of X 0 by X 1 orbits, then TF is a constant rank subbundle of TX 0 .
Basic vector fields and forms. Let X • be a foliation groupoid. For k ≥ 0, consider the vector spaces of basic k-forms
There are differential operators d :
which are pairs of sections of the vector bundles TX 0 /TF and TX 1 /(ker ds+ker dt). The notation v X 1 ∼ s v X 0 means that, for every g ∈ X 1 , ifṽ 1 ∈ T g X 1 is a lift of v X 1 (g) andṽ 0 ∈ T s(g) X 0 is a lift of v X 0 (g), then ds(ṽ 1 ) ṽ 0 . The notation v X 1 ∼ t v X 0 means the same thing, but for the target map t.
The set of basic vector fields inherits the Lie bracket from Vect(X 0 ) × Vect(X 1 ). In [ ] it is shown that Morita morphisms of foliation groupoids induce Lie algebra isomorphisms on their basic vector fields.
More generally, by taking exterior powers of the vector bundles TX 0 /TF and TX 1 /(ker ds + ker dt), we may define the vector spaces Vect k 0 (X • ) of basic kmultivector fields on X • . Morita morphisms of foliation groupids induce linear isomorphisms on their basic k-multivector fields.
where ι v X i ω X i can be made sense of by choosing lifts of v X i to vector fields, then showing the resulting contracted form does not depend on the choice of lift. Contraction is preserved under Morita equivalences. Contraction of basic multivector fields with basic 1-forms is defined similarly.
-Symplectic groupoids. A -form ω on a smooth manifold X is presymplectic if dω 0 and if the subbundle ker ω ⊂ TX is of constant rank. In this case, ker ω can be integrated to a foliation of X, called the null foliation. We will also denote it by ker ω.
A -form ω X • ∈ Ω 2 0 (X • ) on a foliation groupoid X • is -symplectic if ω X 0 is presymplectic, and if the leaves of the null foliation ker ω X 0 are the connected components of the orbits of X 1 in X 0 . In particular, the forms ω 0 and ω 1 are nondegenerate if and only if X • is étale. Being 0-symplectic is a Morita invariant condition. As a consequence of the definition, contraction with a -symplectic form induces an isomorphism
Forms and vector fields on étale stacks. A differentiable stack X is étale if it is equivalent to BX • , where X • is an étale groupoid. Then any groupoid presentation of X is a foliation groupoid.
If X is an étale stack, then k-forms on X are maps of stacks ω : X → Ω k , where the sheaf Ω k on Diff is considered as a stack in groupoids with only identity arrows. This extends the definition of k-forms on smooth manifolds. If X • is a groupoid presentation of X, then precomposing a form ω : X → Ω k with the
is a basic form, denote the corresponding form on X by Bω X • . The collection Ω • (X) acquires from Ω
• 0 (X • ) the structure of a differential graded algebra.
The tangent functor T on stacks over Diff was defined in [ ]. There is a natural map p : TX → X. If X • is a groupoid presentation for X, then BTX • ≃ TX. Here TX • is the tangent groupoid, which comes from applying the tangent functor T to all the structure maps of X • . A vector field on X is a map of stacks v : X → TX so that p • v id. Vector fields on X form a category Vect(X), with arrows described in [ ].
Since X is étale, its category of vector fields admit the following concrete description. Let X ≃ BX • . There is an equivalence of categories Vect 0 (X • ) ≃ Vect(X), where the set of basic vector fields on X • is considered as a category with only identity morphisms. This equivalence is canonical up to natural isomorphism. If Y • → X • is a Morita equivalence, then the diagram -commutes:
The vertical arrow is the Lie algebra isomorphism induced by the Morita equivalence, as mentioned above. So we may think of Vect(X) as a Lie algebra.
In Section we will need the notion of a bivector field on an étale stack. The following definition will be sufficient for our purposes. For an étale stack X, fix an equivalence X ≃ BX • . Then a k-multivector field on X is an element of Vect k 0 (X • ). Since Morita morphisms of foliation groupoids induce isomorphisms of their multivector fields, this definition depends on the choice of groupoid presentation only up to isomorphism.
Contraction of vector fields and forms on an étale stack X is defined as contraction of basic vector fields and forms, on the level of presenting groupoids.
Symplectic stacks. Let X be an étale stack, and let ω ∈ Ω 2 (X). Then (X, ω) is symplectic if in any groupoid presentation X • of X, the basic form corresponding to ω is -symplectic.
Lie -groups and their Lie algebras. A Lie 2-group G • is a strict group object in the -category of Lie groupoids. That is, it is a group object in the -category of Lie groupoids and their morphisms. The groupoid structure maps of G • are then Lie group homomorphisms. In this article we consider only Lie 2-groups with G 1 and G 0 both abelian.
The Lie algebra of a foliation Lie -group G • is defined as the quotient An action of a Lie -group G • on a Lie groupoid X • is assumed to be strict. This means that the diagrams which give the axioms of a group action internal to a category must commute on the nose.
Crossed modules.
A crossed (Lie) module ∂ : H → G is a Lie group homomorphism together with an action of G on H, subject to compatibility conditions which are described in Section of [ ]. In the context of this article, both G and H will always be abelian and the action of G on H will always be trivial. A homomorphism of crossed modules (∂ :
is a pair of Lie group homomorphisms H → H ′ and G → G ′ which preserve the crossed module structure.
There is an equivalence of -categories between the category of Lie -groups and the category of crossed modules. In particular, to an abelian crossed Lie module ∂ : H → G one associates the Lie 2-group H ⋉ G ⇒ G. The groupoid structure of H ⋉ G ⇒ G is that of an action groupoid, where the action of H on G is given as h · g ∂(h)g, for h ∈ H and g ∈ G. The group structure on H ⋉ G is the direct product group structure. Conversely, to the abelian Lie 2-group G • one associates the crossed module ∂ : s −1 (e) → G 0 , where ∂ : t | s −1 (e) is the target map restricted to arrows whose source is the group unit of G 0 .
The axioms for an action of a Lie -group on a Lie groupoid can be formulated in terms of crossed modules. An action of a crossed module ∂ : H → G on a Lie groupoid X • consists of three actions: actions of G on X 0 and X 1 , and an action of H on X 1 . These actions are subject to compatibility conditions, which are described explicitly in Section of [ ].We will write these actions as
We will freely pass between the languages of Lie -groups and crossed modules in what follows. 
foliation Lie -group with G 0 connected, and µ X • : X • → Lie(G • ) * is a moment map, satisfying the following conditions:
, then contracting the presymplectic form ω X 0 with the fundamental vector field v X 0 gives the v-component of dµ X 0 :
(iii) The moment map µ X 0 intertwines the G 0 action on X 0 and the coadjoint action of
Morita morphism of Lie -groups, and Φ X • is a Morita morphism of Lie groupoids which preserves the symplectic form and moment maps.
Hamiltonian actions on stacks. We now recall the intrinsic definition of a Hamiltonian stack. Since we will typically employ Theorem . below, we omit certain details.
A Hamiltonian stack is a tuple (X, ω, G, µ), where (X, ω) is a symplectic stack, G is an étale Lie group stack with G coar s e connected, and µ : X → Lie(G) * is a moment map, satisfying the following conditions:
(i) G acts on X (ii) If v ∈ Lie(G), then contracting the symplectic form ω with the fundamental vector field v X gives the v-component of dµ:
The moment map µ intertwines the G action on X and the coadjoint action of G on Lie(G) * . The fundamental vector field v X ∈ Vect(X) and the coadjoint action of G on Lie(G) * are defined in general in Section of [ ]. In the context of toric symplectic stacks the coadjoint action is always trivial.
A pair (Φ X :
is an equivalence of the Hamiltonian stacks
is an equivalence of Lie group stacks and Φ X is an equivalence of stacks which preserves the symplectic form and moment map.
If 
is a Hamiltonian stack with X ≃ BX • and G ≃ BG • , and assume the action of G on X is presented by a strict action of
as Hamiltonian stacks.
Symplectic reduction. Let (X, ω, G, µ) be a Hamiltonian stack. Assume the action of G on Lie(G) * is trivial, and assume p ∈ Lie(G) * is a regular value of µ. The reduced stack µ −1 (p)/G at p is defined, when it exists, in Section of [ ]. Rather than recalling the full definition, we state the following corollary of Theorem . of [ ].
. . Lemma. Let (X, ω, G, µ) and p ∈ Lie(G) * be as above. Then the following are equivalent: 
is a Morita equivalence.
. T S S
In this section, we define stacky tori and toric symplectic stacks.
. . Definition. A 2-torus is a Lie 2-group which is Morita equivalent to a foliation 2-group G • , with the property that G 0 is a torus and π 0 (G 1 ) is finitely generated. A stacky torus is an étale Lie group stack equivalent to BG • , where G • is a 2-torus. A quasilattice ∂ : Q → V is a crossed Lie module, where V R n , Q is a finitely generated abelian group, and ∂(Q) spans V as a vector space over R.
Since ∂ : Q → V is a crossed module, by definition it comes with an action of V on Q. In this case this action is automatically trivial.
If ∂ : Q → V is a quasilattice, then the associated Lie 2-group Q ⋉ V ⇒ V is a 2-torus. Conversely, if G is a stacky torus, then it is presented by the crossed module π 1 (G) → Lie(G), which is a quasilattice.
Because Q is assumed to be finitely generated, we have Ext
, once and for all.
. . Definition. Let G be a stacky torus, and let (X, ω, G, µ) be a Hamiltonian G-stack. It is a toric symplectic stack if the following hold:
(ii) X coar s e is compact and connected. (iii) The coarse reduced space (µ coar s e ) −1 (p)/G coar s e is homeomorphic to a point, for all p ∈ µ(X). . . Remark. Conditions (i), (ii), and (v) are generalizations of the requirements placed on a toric symplectic manifold. If (M, ω, G, µ) is a toric symplectic manifold and p ∈ µ(M), then G acts transitively on µ −1 (p). If p is a regular value of µ, this action is also free. Conditions (iii) and (iv) are stacky reformulations of these facts.
If (iii) and (iv) were not included as part of the definition of a toric symplectic stack, then a classification along the lines of Theorem . would be difficult: since non-Hausdorff manifolds can be thought of as stacks, one could form a stack satisfying (i), (ii), and (v) by taking a toric symplectic manifold (M, ω, G, µ) and making it into a non-Hausdorff manifold by making a fixed point of the G action into a double point. Or, more generally, by doubling any G-orbit.
. . Lemma. The following collects some facts about a toric symplectic stack (X, ω, G, µ).
(i) The map µ coar s e descends to a homeomorphism from X coar s e /G coar s e to µ(X). In particular, for a presentation X • of X, the moment map µ X i :
Proof. For (i): The moment map µ coar s e factors as X coar s e → X coar s e /G coar s e → µ(X).
The last map is a homeomorphism: by Definition . (iii) it is a continuous bĳection from a compact space to a Hausdorff space. For (ii): First, notice that if x, x ′ are in the same X 1 -orbit, then there is a germ of a diffeomorphism (which preserves fibers of
0. So, the vanishing of dµ X 0 | x , v depends only on the image of x under X 0 → X coar s e . We can then choose X • as we please. Fix a presentation G • of G, with G 0 connected. Following parts (i) and (ii) of Theorem . , let us choose X • to be a presentation of X so that the action of G on X is presented by an action of G • on X • , where the action of G 0 on X 0 is free. Let
, there is some g ∈ G 0 so that g · x is in the X 1 -orbit of y. Without loss of generality we can assume g · x y. Then, since the smooth action of G acts parallel to fibers of
In this section we show that toric symplectic stacks are locally presented by an action groupoid, for an action of a discrete abelian group on a local model of a toric symplectic manifold. This local structure informs many of the proofs which follow in Sections -. Most of the section is devoted to proving Proposition . ; this result is combined with the local normal form for toric symplectic manifolds to give the desired Theorem . . . . Proposition. Let (X, ω, G, µ) be a toric symplectic stack, and fix a quasilattice
as Hamiltonian G-stacks. Here, G 0
Proof. The structure of the proof is as follows. After some initial setup, we prove four lemmas. In Lemma . we build an étale presentation of the preimage under µ of some small open set U ⊂ µ(X). In Lemma . we show that the Hamiltonian vector fields of µ can be integrated on this presentation (possibly after shrinking U). The action of R n coming from these vector fields descends to an effective action of a torus according to Lemma . ; for this we use Lemma . , which says that the regular values of µ(X) are connected in µ(X). The proposition then quickly follows.
Fix an étale presentationG • of G, withG 0 R n /Z n T n . Let X • be a presentation of X so that the action of G on X comes from an action ofG • on X • , with the action ofG 0 on X 0 free, as in Theorem . . Let
0 for i 1, . . . , k, and so that the
. . , n are linearly independent. We can assume that the vectors v i are contained in the cocharacter lattice Hom(
where s span{v i | i 1, . . . , k} and k span{v i | i k + 1, . . . , n}. Let S R k be the simply connected group with Lie algebra s, and let K ֒→ G be the connected subgroup of G with Lie algebra k. Then K is a compact torus of dimension n − k, and we have an immersion S →G 0 induced by the inclusion s ֒→ g. Note that x is a fixed point of the Hamiltonian action of S on X 0 .
Let W be a small open neighborhood of x on which k acts nontangently to the null foliation ker ω X 0 . By replacing W with S·W, we can assume that W is saturated by S orbits. In doing so, we still have that k acts nontangently to the null foliation on all of W. Let D be the subbundle of TW spanned by ker ω X 0 and the fundamental vector fields of k. Let Σ be a transversal to D passing through x. By shrinking W we can assume Σ is a connected immersed submanifold of X 0 .
. . Lemma. The action map
is essentially surjective. So, the pullback groupoid
Proof. The map a factors as
We first show the inclusion ι is essentially surjective; for this, we need to check that
is a surjective submersion. It is a submersion onto its image because
, there is some g ∈G 0 and x ′ ∈ W so that g · x ′ is in the X 1 -orbit of y. Because W is saturated by S orbits, we can assume g ∈ K. So there is g · x ′ ∈ K · W which is in the X 1 -orbit of y, as desired. Now, consider the pullback groupoid µ
is a complete transversal to the null foliation ker ω X 0 of K · W, and so this map is essentially surjective onto µ
We will now consider the 0-symplectic groupoid
We will abbreviate x (e, x) ∈ Y 0 . For v ∈ s, consider the Hamiltonian vector field
on which the vector fields
Proof. Put a K-invariant metric on Y 0 . For small ǫ > 0, let S ǫ be the set of points of
that the trajectory of the Hamiltonian vector field v Y 0 through a point y ∈ B is not complete. Then, for any sufficiently large j ∈ Z >0 , there is some x j ∈ B 1/j so that the submanifold L j g · x j escapes away from K · x and crosses S δ . For any given 0 < ǫ < δ, for large enough j, the intersection L j ∩ S ǫ is nonempty. Let x ǫ j ∈ L j ∩ S ǫ . For a fixed ǫ, since S ǫ is compact we can assume without loss of generality that there is some x ǫ ∈ S ǫ so that x ǫ j → x ǫ as j → ∞. But,
By Definition . (iii), for each ǫ, ǫ ′ < δ, there is an arrow α ∈ Y 1 with s(α) x ǫ , and t(α) ∈ K·x ǫ ′ . Since Y • is étale, the s-fiber s −1 (x ǫ ) is a discrete set, it therefore has uncountably many components, one for each ǫ ′ . This contradicts the assumption that Y • is second countable. Therefore, for some large j, the trajectories through points in B 1/j are all contained in the tubular neighborhood B δ . Let Z 0 ⊂ Y 0 be the neighborhood of K · x which is saturated by the g-trajectories through the points in B 1/j . QED By Lemma . , there is a Hamiltonian action of
is a closed subset of the compact set B δ , which is the closure of the tubular neighborhood considered in the proof of Lemma . . So µ We then have an action of R n on Z 0 , so that the following diagram -commutes: Proof. For p ∈ ∆ and x ∈ µ
By Lemma .
(ii) this quantity does not depend on the choice of x or the choice of presentation
For each p ∈ ∆, we will show that there is a connected open neighborhood V p of p in ∆ with the following properties:
For p ∈ ∆, construct V p as follows: Let x ∈ µ −1 X 0 (p), and form a Hamiltonian manifold (Z 0 , ω Z 0 , S × K, µ Z 0 ) centered at x, as in the discussion following Lemma . . By shrinking Z 0 , we can assume that, for any y ∈ Z 0 , we have ν(µ Z 0 (y)) ≤ ν(p), this being an open condition. If p is a regular value of µ, then let V p µ Z 0 (Z 0 ). Otherwise, consider the action of S × K on Z 0 . The action of K T n−ν(p) is free and the action of S R ν(p) fixes x. Since p is not a regular value, we have
. By the remarks preceding this lemma M is compact. We will show M\(µ
The S action on M descends to a Hamiltonian action on M/K, with moment
So N is contained in a single fiber of µ M/K,S . By Definition . (iii) and the fact that Z • is étale, N must be a single point. Therefore, (M/K) S is compact and totally disconnected, and dim M/K ≥ 2. The complement of a compact, totally disconnected set in a manifold of dimension ≥ 2 is connected [ ]. Therefore, the complement (M\µ
Because K is connected, we have then found that in M\(µ
possibly shrinkingṼ, we can assumeṼ\µ
The set V p evidently has the desired properties (i) and (ii).
To show that ∆ 0 ∆\(∆ 1 ∪ · · · ∪ ∆ n ) is connected, we proceed by induction. First, ∆ is connected by Definition . (ii). Now, let k ≥ 1. Assume that ∆ ≤k : ∆\ j>k ∆ j is connected. The set ∆ <k : ∆ ≤k \∆ k has an open cover by {V p \∆ k } p∈∆ ≤k . By construction, each of these sets is connected. And, by Definition . (v), the set ∆ k has empty interior. So, if 
Proof. Let V be a small open subset of Z 0 which consists of only regular points of µ Z 0 . Take a transversal Υ to the foliation by g orbits in V; by shrinking V we can assume Υ is connected and intersects each orbit only once. Then, by Definition .
(iv) and Lemma . , the action map
is a Morita equivalence. In particular, for a point y ∈ V, the stabilizer stab R n (y) of y under the Hamiltonian action of R n on Z 0 is contained in ∂(Q).
Recall that the R n -orbits through points of Υ are homeomorphic to T n , and that Υ is connected. Since the stabilizer of any point in Υ is contained in the discrete group ∂(Q), it follows that for any y, y ′ ∈ Υ, the stabilizer subgroups stab R n (y) and stab R n (y ′ ) are equal. Also, by Definition . (iii), for any two points y, y ′ ∈ µ −1 Z 0 (p) in the same fiber of µ Z 0 , the stabilizer subgroups stab R n (y) and stab R n (y ′ ) are equal. So, for a connected open subset A ⊂ ∆ consisting of only regular values, there is a unique lattice Λ ⊂ ∂(Q) ⊂ R n so that Λ stab R n (y) for all y ∈ µ 
Again applying Theorem . , we have a strict Hamiltonian action of
is the desired Hamiltonian groupoid presenting µ −1 (U). Notice that the definition of G 1 uses our fixed splitting Q ker ∂ × ∂(Q). QED With Proposition . in hand, we now turn our attention to the structure of Z 0 as a Hamiltonian G 0 -manifold.
T-manifold, and O
is a symplectic vector space with Hamiltonian G x stab G (x)-action, with moment map
Pick a splitting g * g *
x ⊕ ann(g x ), and consider the associated bundle
There is a symplectic form ω E on E (which depends on the choice of splitting
, and a natural G-action on E. This G-action is Hamiltonian, with moment map µ E : E → g * given by
We call the Hamiltonian space
Then, we have the following local normal form near G · x.
There exists a isomorphism (which depends on the splitting of g * ) of Hamiltonian G-manifolds between a neighborhood of O in M and the zero section of the model
. . Remark. Let (M, ω, G, µ) be as in the previous theorem. When 2 dim G dim M and the action of G on M is effective, then the model (E, ω E , G, µ E ) is well understood; see for instance Remark . of [ ]. In particular, the action of G on the regular locus of µ E is free and the fibers of µ E are connected. The moment map image µ E (E) is a convex polyhedral cone in g * , which is rational with respect to the cocharacter lattice Hom(S 1 , G) ⊂ g.
Here,
, and E • is the action groupoid (ker ∂×∂(Q)/Λ)⋉E 0 . The group G 0 acts effectively on E 0 , and G • (ker ∂×∂(Q)/Λ)⋉G 0 is an étale presentation of G.
Proof. There is neighborhood U ⊂ Lie(G) * of p where we can assume
. By Theorem . , there is a G 0 -equivariant neighborhood of G 0 · x in Z 0 which is isomorphic to a neighborhood E 0 of the zero section in the model E near G 0 · x. Let us replace Z • with its restriction to this neighborhood of G 0 · x, and replace U with the image of this neighborhood under the moment map µ Z 0 . Then by Definition . (iii) we still have that Z • presents µ −1 (U), and we still can assume ( . ).
Consider the induced étale groupoid
It remains to investigate the structure of E 1 . Let H ker ∂ × ∂(Q)/Λ, then H acts on E 0 according to h · x : ∂(h) · x, for h ∈ H and x ∈ E 0 . Form the action groupoid H ⋉ E 0 ⇒ E 0 for this action, and consider the map of Lie groupoids
which is the identity on objects and on arrows is given by
It is easy to verify that F • is indeed a Lie groupoid morphism, and that F • is G • -equivariant with respect to the natural action of G • on H ⋉ E 0 . We will show F • is an isomorphism of Lie groupoids. It is clear that F 1 is a local diffeomorphism, and so we just need to show that it is a bĳection. Let x ∈ E 0 be a regular point of µ E 0 . Then by Remark . the map G 0 → µ
which is given by g → g · x is a diffeomorphism. From Definition . (iv) and Lemma . , it follows that H acts freely and transitively on s −1 (x). In particular, the restriction of F 1 to H × {regular points of µ 0 } is a bĳection onto its image.
Assume we have
where the x i are all regular points of µ E 0 . The existence of such a sequence is guaranteed by Definition . (v). The restriction of F 1 to a neighborhood W of (h ′ , x ′ ) is a diffeomorphism onto its image, so consider the preimage
. This is a sequence in W which converges to (h ′ , x ′ ). But, since F 1 is a bĳection when restricted to H × {regular points of µ 0 }, we have
Now, let α ∈ E 1 . Take a small neighborhood V of α. Then, again by Definition . (v), the set s(V) ⊂ E 0 contains a regular point x of µ E 0 . Then as before, H acts freely and transitively on the fiber s −1 (x) ⊂ E 1 . So, by acting with an element of h, we can assume without loss of generality that V is contained in the image of the identity bisection u : E 0 → E 1 . Therefore α u(y) for some y ∈ E 0 , and so α F 1 (e, y). We have shown that F 1 is surjective. QED For a toric symplectic stack (X, ω, G, µ), let U be a small neighborhood of p ∈ µ(X). We will then we will call a Hamiltonian groupoid (E • , ω E • , G • , µ E • ) described in Theorem . a local model for µ −1 (U), or a local model for X over U (near p).
By Remark . , we have the following corollary.
. . Corollary. Let (X, ω, G, µ) be a toric symplectic stack, and fix a presentation for G by a quasilattice ∂ :
is a neighborhood of a point in a simple convex polyhedral cone C p ⊂ Lie(G) * , which is rational with respect to a lattice Λ ⊂ ∂(Q).
. M Let (X, ω, G, µ) be a toric symplectic stack, and let Lie(G) g R n . We want to associate to the moment map image µ(X) some additional data which will classify (X, ω, G, µ) up to equivalence. As before we fix a presentation of G by a quasilattice
Let ∆ ⊂ g * be a convex polytope. Denote by F F(∆) the set of open faces of ∆, let F max ⊂ F be the set of facets of ∆, and let V ⊂ F be the set of vertices of ∆. Let
be the set of elements of g which are normal to the face f . If, for every facet of ∆, there is a nonzero element of ann( f ) ∩ ∂(Q), then ∆ ∈ g * is quasirational.
. . Theorem. The moment map image µ(X) of a toric stack (X, ω, G, µ) is a quasirational convex polytope.
Proof. The assignment of C p to p ∈ µ(X) in Corollary . is local convexity data in the sense of Hilgert, Neeb, and Plank. By Theorem . of [ ] and Definition .
(ii), the moment image µ(X) is a convex polytope. Quasirationality follows from Corollary . . QED
G is a stacky torus with fixed presentation ∂ : Q → R n by a quasilattice, ∆ is a simple ∂(Q)-quasirational polytope, and Λ f is a free subgroup of ∂(Q) for each f ∈ F. A decorated stacky moment polytope must satisfy the following conditions:
(i) Any Z-basis of Λ f forms an R-basis for ann( f ).
(ii) If f 1 , f 2 , . . . , f s are open facets of ∆, and f is a face of codimension s whose closure can be written asf
An isomorphism of decorated stacky moment polytopes
is an equivalence Φ : G → G ′ of stacky tori, so that Lie(Φ) * (∆ ′ ) ∆ + c for some c ∈ Lie(G) * . We also require that the linear isomorphism Lie(Φ) :
As an immediate consequence of the definition, a decorated stacky moment polytope (∆, G, {Λ f } f ∈F ) can be recovered from the data (∆, G, {Λ f } f ∈F max ), where F max ⊂ F is the set of facets of ∆. It can also be recovered from the data (∆, G, {Λ v } v∈V ), where V ⊂ F is the set of vertices of ∆. Now, let (X, ω, G, µ) be a toric symplectic stack, and let ∆ µ(X). For a face f ∈ F(∆), let p ∈ f . Let U p ⊂ ∆ be a small neighborhood of p, and let
be a Hamiltonian groupoid giving a local model over U p , as in Theorem . . Then, define ( . )
The collection (µ(X), G, {Λ f } f ∈F ) is the decorated stacky moment polytope of X.
. . Proposition. Let (X, ω, G, µ) be a toric stack. Fix a presentation of G by a quasilattice
(i) The decorated stacky moment polytope of (X, ω, G, µ) is well defined.
(ii) The decorated stacky moment polytope (∆, G,
is an equivalence of toric stacks, then Φ G induces an isomorphism of their decorated stacky moment polytopes.
Proof. For (i) , consider an open facet f ∈ µ(X), and let p ∈ f . We first show that Λ f does not depend on the choices made in the construction of the local model
Let S R s ⊂ R n be the connected subgroup of R n with Lie algebra ann( f ). Then ∂ S : ∂ −1 (S) → S is a crossed module which presents a Lie group stack S. There is an action of S on X, which comes from the inclusion S ֒→ R n . Let x : pt → µ −1 (p) be a categorical point of the stack µ −1 (p). Then X| x pt × µ −1 (p) µ −1 (p) is a differentiable stack which is presented by a Lie groupoid H ⇒ pt. This groupoid can be formed explicitly as follows. For a local model
Then the restriction of E • to the G 0 -orbit of x is isomorphic to the Lie groupoid ( . )
This is a presentation of µ −1 (p). Note that the orbit (R n /Λ) · x is homeomorphic to a torus of dimension dim f . Now, restrict E • to a (discrete) Lie groupoid over x. The isomorphism type of H does not depend on the choice of x or the local model E • . From ( . ), there is an isomorphism
Since ann( f ) is the Lie algebra of S, the action of S fixes all points of µ 
In fact, the action of ∂ −1 (S) on H is the unique presentation of the S-action on X| x , by a strict action of ∂ S : ∂ −1 (S) → S on a Lie groupoid H ⇒ pt whose space of objects is a single point. To show uniqueness, it is enough to show there are no other naturally isomorphic strict actions of ∂ S : ∂ −1 (S) → S on H ⇒ pt; this follows from the fact that H is discrete and abelian, and that S R s is connected.
Therefore, if
is the action of ∂ −1 (S) on the group unit u(pt) ∈ H, and E • is a local model of X over a neighborhood U p of p, then from ( . ) we see that the lattice Λ f Λ ∩ ann( f ) defined for E • coincides with ∂(ker a). From the abstract description, it follows that Λ f does not depend on the choice of local model
Now, let p ′ ∈ f be another point in the face f . Without loss of generality, we may assume that there is a local model (E • , ω E • , G • , µ E • ) of X, over a neighborhood U p of p, and that p ′ is contained in U p . Then E • is isomorphic, as a Hamiltonian G • groupoid, to a local model over U p , where now we consider U as a neighborhood of p ′ . In either case the lattice Λ is the same, and so the definition of Λ f really does not depend on the choice of p ∈ f .
To prove (ii), let p ∈ f and consider a local model Proof. Given a stacky moment polytope (∆, G, {Λ f } f ∈F ), the existence of a toric stack (X, ω, G, µ) with (µ(X), G, 
. L U
In this section we show that a toric symplectic stack is determined locally by its decorated stacky moment polytope. This follows quickly from Theorem . and the next theorem, which is a consequence of Lemma A. of [ ] and the Hamiltonian slice theorem (Theorem . ).
. . Theorem (Local uniqueness for toric manifolds). Let (M, ω, T, µ) and
be symplectic manifolds of dimension 2n, with an effective Hamiltonian torus action of T R n /Z n . Let x ∈ M and x ′ ∈ M ′ , and assume that there is some affine transformation
, which is an isomorphism of the moment polytopes µ(M) and µ ′ (M ′ ) near x. Then, there is an isomorphism of Hamiltonian T-manifolds, from a T-equivariant neighborhood of T · x to a T-equivariant neighborhood of T · x ′ .
. . Theorem (Local uniqueness for toric stacks). Let (X, ω, G, µ) and (X ′ , ω ′ , G ′ , µ ′ ) be toric symplectic stacks, and let Φ :
be an isomorphism of their decorated stacky moment polytopes. Then, for each p ∈ ∆, there is a small neighborhood U p and an equivalence of Hamiltonian stacks
Proof. Without loss of generality assume Φ is the identity map. Let U p be a neighborhood of p and let
) be local models for µ −1 (U p ) and µ ′−1 (U p ), respectively. The idea of the proof is to show that
, and then apply Theorem . .
Let f be the open face of ∆ containing p, and let S R s be the subgroup of R n with Lie algebra s ann( f ). Then G 0 R n /Λ and G ′ 0 R n /Λ ′ can each be decomposed as
where K, K ′ ⊂ R n are subspaces which are complementary to S, and where
Then K/Λ K acts freely on E 0 , and from Theorem . we find
Here V is a symplectic vector space with an effective Hamiltonian action of S/Λ S . LetG • be the Lie 2-group
and consider the Lie groupoid
equipped with the symplectic structure and HamiltonianG • -action making the quotient map
Because K ′ and K are both subspaces of R n which are complementary to S, there is a canonical isomorphism ofG • with the Lie 2-group
The action of Λ K ′ ⊂G ′ 0 onẼ 0 is free and proper, and there is a symplectic structure and Hamiltonian G ′
• action on
making the quotient map
(p). By Theorem . , there is an isomorphism of Hamiltonian G To avoid dealing with the theory of exact sequences of stacks (over a polytope) and their cohomology, we do not fully generalize their argument to the present context. We employ instead a more direct approach.
. . Theorem. Let (X, ω, G, µ) and (X ′ , ω ′ , G ′ , µ ′ ) be toric stacks, and assume that there is an isomorphism
of toric stacks.
Proof. The structure of the proof is as follows. We first prove three lemmas. Lemma . gives a description of certain atlases of X and X ′ . In Lemma . , we show that local automorphisms of symplectic toric stacks come from local automorphisms of the Hamiltonian groupoids constructed in Lemma . . Finally, in Lemma . we reduce the situation to when G has trivial isotropy groups. After this setup, we give an argument based on Čech cohomology to show how to build a global equivalence X ≃ X ′ from a collection of local equivalences. Without loss of generality assume G ′ G, and
. . , p m be a collection of points in ∆ with open neighborhoods U p 1 , . . . , U p m , so that {U p i } i 1,...,m is an open cover of ∆, and so that
Here, G i 0 R n /Λ i is a compact torus as in Theorem . . This is possible by Theorem . . We can assume the U p i 's are convex. Consider the atlases
, and let
By the following lemma, the Hamiltonian groupoids
present X and X ′ , respectively. The natural inclusions of E i • into X • and X ′ • preserve the symplectic structure and the Hamiltonian G • Q ⋉ R n action.
. . Lemma. Let X be a differentiable stack, and let
be an étale atlas of X. Choose smooth manifolds which are equivalent to the stacks E i 0
, and the Lie groupoid structure on X • comes from the canonical diffeomorphism X 1 X 0 × X X 0 .
Proof. We just need to describe the diffeomorphism X 1 X 0 × X X 0 . First, notice that if A, B are smooth manifolds of the same dimension, then the coproduct A ⊔ B as manifolds is equivalent to the weak coproduct A ⊔ It follows that there is an equivalence of stacks X 1 ≃ X 0 × X X 0 . But X 1 and X 0 × X X 0 are manifolds, so this equivalence is naturally isomorphic to a unique diffeomorphism. QED . . Lemma. Fix one of the local models 
Proof. Consider the pullback diagram ). It suffices to show that there is a global section σ of p 1 ; the map σ preserves the moment map and symplectic form, and hence is automatically a map of Hamiltonain G i 0 manifolds. We will then set φ 0 p 2 • σ.
. We will show that p 1 : Z → Y is a trivial H-principal bundle. First, the action of H ⊂ G i 1 on W 1 is parallel to fibers of s : W 1 → W 0 . In particular, H acts on the fibers of p 1 . Now, let α, α ′ ∈ Z, so that
So, recalling the notation for the action of a crossed module from ( . ), there is a unique h ∈ H so that h * u(t(α)) β. But, by the axioms for an action of a crossed module described in Section of [ ], we find
So, the action of H on fibers of p 1 is free and transitive. Therefore, p 1 is a principal H-bundle.
Assume that for each x ∈ Y, there is a connected G It suffices then to show that for each x ∈ Y, there is a G i 0 -equivariant neighborhood S x of x and a local section σ x : S x → Z of p 1 . Fix x, and let σ : T → Z be a local section of p 1 on a small open neighborhood T of x. Since G i 0 is compact and connected, after possibly shrinking T we can assume that for any y ∈ T, the set T ∩ (G i 0 · y) is connected. We will show that g · σ(y) σ(g · y) for any y ∈ T and any g ∈ G i 0 which satisfies g · y ∈ T. Then, we can define S x G i 0 · T, and the section
First, assume g · y y. Then since the stabilizer of y in G i 0 is connected, there is some v ∈ g y so that g exp(v), where g y is the kernel of the linear map g → T y Y given by the action of g. Since σ is a local section of p 1 , it intertwines the moment maps and hence the commutes with the g action. So, v ∈ g σ(y) and consequently g · σ(y) σ(y). Now, consider any g ∈ G i 0 and y ∈ T, such that g · y ∈ T. Then, since T ∩ (G i 0 · y) is connected, there is someg ∈ G 0 near the identity so thatg · y g · y, and so that σ(g · z) g · σ(z) as long as z ∈ T andg · z ∈ T. Then,
And, by the previous paragraph,
We now turn our attention to the isotropy groups of X • . It is easy to verify that, for α, β, α • β ∈ X 1 and q, r ∈ ker ∂,
So, the Lie groupoid structure of X • descends to a Lie groupoid structure on X s tr • :
X 1 /ker ∂ ⇒ X 0 , which is X • with some isotropy groups removed ("strictified").
Then X s tr • has the -symplectic form (ω X str 0
). The Hamiltonian action of G • on X • descends to a Hamiltonian action of G s tr
be the Hamiltonian stack presented by the strictification X s tr
We know that G • is a trivial (ker ∂ ⇒ pt)-extension of G s tr
• ; we will show it is a trivial extension as well. In other words, we will show that the natural map π : X → X s tr is a trivial ker ∂-gerbe over X s tr .
Using our fixed splitting
, it will be helpful to identify G s tr
• with a (non-full) Lie -subgroup of G • . In particular one can think of X as a Hamiltonian G s tr -stack.
. . Lemma. LetX 0 X 0 and letX 1 ker ∂ × (X 1 /ker ∂). EquipX • with the symplectic structure ωX
which is given on arrows as
is Hamiltonian. Then, there is an isomorphism of Hamiltonian G • -groupoids
which is the identity on the manifold of objects X 0 X 0 .
Proof. It is obvious that the action described is Hamiltonian, with moment map µX 0 µ X 0 . Let V be the interior of ∆, then V consists of the regular values of µ. We will first show that π| µ −1 (V) :
There is a presentation of (µ) −1 (V) by an étale Hamiltonian groupoid
, so that the actions of G 0 and G 1 on Z 0 and Z 1 , respectively, are free. To construct the manifold Z 0 , pick an étale presentationZ • of (µ) −1 (V). Then, pick an open cover {V q i } of V, so that V q i is a neighborhood of q i ∈ V with a section σ q i : V q i →Z 0 of the moment map µZ 0 :Z 0 → Lie(G) * . Finally, let Z 0 G 0 × i V q i . The atlas 
Note that Z s tr
• is a presentation for (µ s tr ) −1 (V). Then, the diagram is -cartesian (in the -category of Lie groupoids):
Since the -functor B preserves weak pullbacks, the diagram is still -cartesian: 
so that π • ψ is naturally isomorphic to the identity map of (µ s tr ) −1 (V).
Passing to the presentation X • , there is a Lie groupoid morphism ψ • X s tr 1
, where π X • : X • → X s tr • is the quotient map. Here, ψ 1 is defined only on the open dense subset µ
• has trivial isotropy groups over the regular locus of µ X 0 , it turns out that π
where it is defined. Now, by construction ψ preserves the action of G s tr up to isomorphism. So the map ψ 1 respects the action of G s tr 1 up to a natural transformation η : G 0 × X 0 → X 1 . However, using the fact that G 0 is connected and that the isotropy groups of X 1 are discrete, one can show that η(g, x) η(e, g · x) for all g ∈ G 0 and x ∈ X 0 . As a consequence, ψ 1 respects the action of G Due to Lemma . , to prove Theorem . we will now restrict to the case where ker ∂ 0. We then have Q ∂(Q), and
Consider the equivalences
, which have the property that the atlas A| E i 0
• is the natural inclusion. Choose weak inverses A i −1 of these equivalences A i . Similarly, consider the equivalences
Define h i as the composition
Choose weak inverses h i −1 for the equivalences h i , and define
Notice that the morphisms φ i, j satisfy the weak cocycle conditions
id .
By Lemma . , there is an automorphism φ i, j
From the proof of Proposition . of [ ], there is a smooth function f i, j : U i, j → R so that the time flow of the Hamiltonian vector field of
be the time flow of the Hamiltonian vector field of
. Note that these Hamiltonian vector fields are well defined because E • is étale and hence ω E 1 and ω E 0 are both nondegenerate. Note also that the Hamiltonian vector fields of f i, j • µ E i, j k are parallel to fibers of µ E i, j k , for k 0, 1. These fibers are unions of compact tori, and so the vector fields are complete. Then, the diagram -commutes: for some r ∈ Q. From this, there are constants c, d ∈ R and q, r ∈ Q, so that for all
x ∈ U i, j and all y ∈ U i, j,k , : U i → R so that for any x ∈ U i, j ,
for some c ∈ R and v ∈ ∂(Q) which depend only on the indices i, j.
Now, taking pullbacks of ( . ), the diagram -commutes: (t(α)).
Recall that, due to Lemma . , we have assumed ker ∂ 0. In this case, by Theorem . , an arrow α ∈ X 1 in the regular locus of µ X 1 (or an arrow α ′ in the regular locus of
) is uniquely determined by its source s(α) and target t(α). By Definition . (v), the regular locus of µ X 1 is dense in X 1 and so there are unique maps φ i× j 1 which fit into the diagram ( . ). These maps together respect the groupoid structure and G • action on X • . By Theorem . , the maps φ . E
In this section we study smooth deformations of stacky moment polytopes and toric stacks, depending on a parameter τ ∈ (0, 1). By extending Delzant's construction in [ ] we show that any deformation of stacky moment polytopes arises from a deformation of toric stacks. In particular, by taking the constant deformation of a moment polytope one finds that any stacky moment polytope comes from a toric stack. We will consider deformations of stacky tori which arise in a particular way, as follows. Fix a finitely generated abelian group Q and an isomorphism Q R × Z m , where R is the torsion part of Q. Let ∂ h ∈ Q, (x, τ) ∈ R n × (0, 1).
naturally defined embedding of this bundle of Lie 2-groups into λ * (Q⋉(R n ×(0, 1))). On arrows, the embedding is 
Let n τ Lie(N τ ) for some τ ∈ (0, 1). Its isomorphism type is constant in τ. 
